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	Professional development document

Unit 2      Understanding and identifying proportional contexts
Lesson 2C(ii): Directly or Inversely Proportional? 


	Lesson summary

	Summary:

· In this lesson students create problems within given contexts and constraints of differing levels of challenge for other students to solve.
· They have the opportunity to compare and critique different methods for solving proportionality problems.

· The activity also encourages peer assessment of work from other groups and the production of suggestions for improvement.

	Focus of students’ learning

	· To develop an understanding of the structure of problems involving direct and inverse proportion. 

· Students will consider the numbers needed to make a proportionality question easy or difficult to solve and consider efficient methods for solving proportional problems.

	Lesson preparation

	· Mini-whiteboards, pens and wipes will be needed by students throughout the lesson.
· Each group of students will need a copy of the 8 Completing Questions sheets and a copy of Swapping Questions. 
· Each student will need a copy of the post-task (Classifying More Scenarios) to complete at the end of the lesson. 
· There are some PPP slides to support the lesson and for use in the lesson introduction. 
· Calculators should be given to students on request.


The Lesson 
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Pick ‘n’ Mix 

Jane’s local shop has a sale on Pick ‘n’ Mix sweets:  

Jane wants to buy ______ grams of sweets. 

 

Jane will have to pay £______. 

Now only 

48p

 per 

100g 

Introduction
Students select numbers
to complete the blanks in 
two problems – one 
where the quantities are 
directly proportional to 
each other and one 
where they are inversely
proportional to each 
other. They review their understanding of properties of direct and inverse proportion.
 Small-group work (1): Writing questions
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Walking Home 

It takes Jane ____ minutes to walk home from the sweet 

shop at a speed of ____ mph. 

 

 

 

 

 

 

 

       

      How long would it take her if she was to 

      walk at a speed of ____ mph? 

Students look at eight different scenarios – choosing numbers for each problem that produce both an ‘easy’ and a ‘harder’ problem to solve. They solve the problems they have designed themselves and categorise the scenarios as being directly or inversely proportional or as having no proportional relationship. 
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Resource 3.0 Classifying More Scenarios

(1) The cost of hiring a minibus for the day is divided equally between it's passengers.
If there are 14 passengers it costs them £5 each.

How much would they each pay if there were only 11 passengers on the minibus?

Show your working.

(2) Tanya is getting a taxi home from a party. The taxi company charges a fixed hire charge
plus an additional charge per mile travelled.

Tanya’s home is 8 miles away and the taxi fare charged is £16.
A previous 6 mile journey cost her £13.

If Tanya plans to get a taxi to her friend’s house, which is 12 miles away, how much will the
taxi fare be for this trip?

Show your working.

(3) Sonia is making a scale drawing of her school:

20 m i In Sonia’s drawing the classroom is 7.5cm wide. What
sl should the length of the classroom be on her drawing?
£
é Show your working.
S
LN 7400 1<l ettt
— ||e
£
= T B . [
§ classroom 5

(4) Rebecca lives on the 15" floor of a high rise flat.
The lift goes up one floor every 10 seconds.

It stops at the fifth floor for 30 seconds for people to get out.

How long does it take Rebecca to get the 15" floor? Show your working.
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Resource 3.0

   Classifying More Scenarios

#

(1) The cost of hiring a minibus for the day is divided equally between it’s passengers.  

If there are 14 passengers it costs them £5 each.  

 

How much would they each pay if there were only 11 passengers on the minibus?  

 

Show your working. 

 

 

 

(2) Tanya is getting a taxi home from a party. The taxi company charges a fixed hire charge 

plus an additional charge per mile travelled. 

 

Tanya’s home is 8 miles away and the taxi fare charged is £16.  

A previous 6 mile journey cost her £13. 

 

If Tanya plans to get a taxi to her friend’s house, which is 12 miles away, how much will the  

taxi fare be for this trip?  

Show your working. 

 

 

 

(3) Sonia is making a scale drawing of her school: 

In Sonia’s drawing the classroom is 7.5cm wide. What 

should the length of the classroom be on her drawing? 

 Show your working. 

 

 

 

 

 

(4) Rebecca lives on the 15

th

 floor of a high rise flat. 

The lift goes up one floor every 10 seconds. 

It stops at the fifth floor for 30 seconds for people to get out.  

How long does it take Rebecca to get the 15

th

 floor? Show your working. 
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Small-group work (2): Sharing questions and answers
Students swap questions with a neighbouring group solving
the problems posed. 
Analysing each other’s work

Students give the authors of the problem their solutions 
for them to analyse. They compare methods as well as the
solutions and check for agreement with the classification 
of the problem based on the existence of proportionality.
Class discussion
Students share what they have done and found.
Post-task activity (Classifying More Scenarios)
Students have returned to them their responses to
the pre-task activity and complete the post-task individually. 


Lesson commentary 
	Introduction
· Students will need mini-whiteboards to work on. Display Slide 1 of the PPP showing a problem with some numbers missing. Ask students to suggest two ‘reasonable’ (given the context) numbers to put in for the number of grams bought, with the corresponding costs. Students should work on their own before displaying their mini-whiteboards for you to see.
· Collate students’ ideas on the board, in a table, for example:
Grams bought

100g

200g

50g

150g

etc.

 Total cost (£)

£0.42

£0.84

£0.21

£0.63

· Ask students to share their methods to the rest of the class. Typically, some may use informal halving and adding strategies, such as, if 100g costs £0.42, 50g costs £0.21, so 150g costs £0.42 + £0.21 = £0.63, for example.
· It is likely that students will restrict the numbers chosen, to fairly easy to use values (as in the table above). You might like to ask: Are any of the numbers on the board easier to use than others? Why is this?
· Now ask students to choose some ‘harder’ numbers and add their ideas to the table on the board, again asking students to describe their methods.
· You may find that some students think that you must divide when smaller numbers are used and multiply when using larger numbers. You might like to ask: Why did you choose this number? Why do you think this is a harder number than the numbers you chose before? How did you work out the cost? Does someone else have a different method? Which method do you prefer? Why? How could you find the cost of any number of grams in one step?
· Display Slide 2 of the PPP and repeat the process.
· Now focus students’ attention on the connection between the two amounts (variables). You might like to ask: What do you notice about the relationship between the amounts (grams bought, total cost) and (time, speed)? Direct students’ attention to the properties of direct and inverse proportion. What do we mean by amounts being ‘directly proportional’ or ‘inversely proportional’? Are the amounts in this scenario directly/inversely proportional to each other? How do you know? 
· Students may refer to a variety of properties including, for example, ‘one amount is a multiple of the other’, ‘if you buy zero grams of sweets the cost is £0’, ‘as one amount increases the other amount decreases’ etc. Allow students the opportunity to expose their current understanding of directly and inversely proportional relationships, testing their claims on the table values as appropriate.
Small-group work (1): Writing Questions
· Ask students to work in groups of 2 or 3 and give each group the 8 Completing Questions sheets. Each sheet describes a different scenario and students can complete them in any order. 
· Students are to work together to fill in the blanks, choosing easy (but not trivial) numbers first (top half of the sheet) and harder numbers second, for the repeat of the question (bottom half of sheet). They must be able to justify why they think the numbers they have chosen make the problem easier or harder to solve.

· Once they have selected some numbers, students need to answer the question they have created, themselves, in the space provided, agreeing on a method together. They should be able to justify their choice of method.
· Before moving on to the next scenario, students should decide whether the quantities described vary in direct proportion or inversely or are not proportional to each other. They should work through as many of the eight scenarios as possible.

· It is to be hoped that when students are asked to create their own mathematical problems, they will engage with the structure of problems rather than their solution. 
· Watch and listen to students carefully as they work together. Notice the methods students use to solve the problems. Do they use multiplication or informal doubling and halving strategies? Do they use the same methods when they introduce harder numbers? Are the methods used efficient? Do students check their solutions and try to make sense of the answers? Notice, especially, students’ interpretation of the ‘Eggs’ scenario. To what extent do they engage with the real-life context of the problem? What assumptions do they make? Notice also whether students are able to classify the scenarios correctly. 
· Challenge students to use difficult numbers (with fractions or decimals, for example) when completing the questions for the second time. You might like to ask: Is your method still effective? Can you find a method that will work, no matter how difficult the numbers?
· As students progress in completing the sheets, encourage them to compare. You might like to ask: How are these two problems similar and how are they different? If students are progressing well, you might like to ask them to try to sketch a graph for each scenario.
Small-group work (2): Sharing questions and answers
· Give each group of students a copy of Swapping Cards. Ask them to select 2 of the 8 scenarios and copy either the ‘easy’ or ‘hard’ versions of the question onto the sheet so that they can give it to another group to have a go at. Once they have copied the two questions over, ask them to exchange their question sheet with a neighbouring group.
· Students should work together to calculate answers to the 2 problems, writing their calculations on the sheet. Once they have completed their solution, ask them to decide whether the amounts in each question are directly proportional, inversely proportional or do not relate proportionally to each other.
Analysing each other’s work:
· Once students have finished, ask them to swap back and check each other’s work. They need to read each solution carefully, identifying anything that they don’t understand and noticing if there are any errors. They can then compare the work with their own solutions to see if they have used the same methods and if they have the same numerical solutions. Finally they should check if they agree with the categorisation of the problem as having properties of proportionality or not.
· After a few minutes, students should discuss the work together with their neighbouring group. Encourage them to comment on what they have noticed, the efficiency of the methods used and any disagreements they may have. It may be appropriate for students to compare the numbers used in the problem they were given to solve to the alternative numbers selected to facilitate a discussion as to why certain numbers change the amount of challenge the problem has.
· If time allows, the process of swapping questions and analysing each other’s work may be repeated up to three times more, until all eight of the scenarios have been used. 
Class discussion:

· You may like to begin by asking groups to choose a scenario that resulted in differences of opinion. This may have been a disagreement on the numerical solution or on the classification of the problem or both. Allow students to explain how they resolved these differences and ask other students in the class to compare the methods described with those they used on their own versions of the problem. You may like to ask: Did you solve your version of the question the same way? Did anyone else use a different method?
· You may also like to ask: Which scenarios were the easiest/most challenging to solve? What made them so?
· Encourage students to make generalisations. You may like to ask: When you’re deciding whether or not it’s a proportion question, does it make any difference what numbers you put in? (For example, if students set the monthly phone charge to £0, the number of minutes of calls used is directly proportional to the monthly cost). 
· Ask students to comment on the different methods used and whether they or their neighbouring group used different methods depending on the numbers used in the problem. Were the methods used efficient? 
· It may also be appropriate to address any misconceptions the students have had, during this discussion, encouraging students to articulate how their understanding has changed and developed as they have been designing and solving questions.
Post-task activity (Classifying More Scenarios):

· Return to students their initial attempts at the pre-task with your questions written on. Students who struggled with the pre-task may benefit from attempting the pre-task again rather than or prior to the post-task. However, the structures of the problems are similar in both the pre- and post-tasks.
· Give students time to reflect on their responses to the pre-task and the questions you have posed prior to completing the post-task. You may find that there is not time to complete the post-task in this lesson. If this is the case, you may want to ask students to complete it in a subsequent lesson or for homework.


	Adapting the lesson

	· A range of contexts have been included in the design of this lesson to allow opportunities for students to engage with contexts that are familiar to them.
· It is important the students are presented with all eight scenarios and are allowed to choose for themselves which ones to focus on.
· Students who are making good progress might be encouraged to think of some new contexts that have similarities to the ones already explored. They may also consider scenarios that are not proportional and investigate the structure of problems of this type, to inform the identification of efficient solution methods.

	Suggestions for lesson study focus

	· It is important to nurture a classroom culture where:

· The teachers’ role is to encourage students to support each other in solving problems.
· Students take responsibility for the learning of their peers, offering support and challenge and acting as ‘teachers’ when the problem solver becomes stuck. Their emphasis shifts from ‘getting the answer’ to evaluating and comparing different forms of reasoning.

	Research background to the lesson

	· In many typical mathematics lessons students apply a single taught method to a variety of questions. It is less common for students to be encouraged to compare a range of methods for tackling just a few problems. When a particular approach is promoted in the classroom, some students can be left feeling that if they do not know or fully understand the ‘right method’ they cannot even begin to attempt a problem. Others might be restricted to methods that, whilst generating the correct solution, are inflexible or inefficient in some cases (see Swan (2005) ‘Standards Unit Improving learning in mathematics: challenges and strategies’.)


· The activities contained within this lesson are intended to encourage students to become more active participants in the classroom. They have the opportunity to engage in discussing and explaining their ideas, challenging and teaching one another, creating and solving each other’s questions and working collaboratively to share their solutions.

· Students often think that changing the numbers in a question changes the operation required to solve the problem rather than the structure of the problem itself (see, for example, Onslow (1986) ‘Overcoming conceptual obstacles concerning rates: design and implementation of a diagnostic teaching unit’). By presenting problems with numbers omitted, students are encouraged to engage with the structure of the problem, rather then just focusing on the solution.
· The lesson is designed to allow students to compare and discuss alternative solution strategies employed by their peers, increasing their confidence and flexibility in using mathematics. As a result, when they get stuck on a new problem, they are more likely to ‘have a go’ and try something, thus becoming more powerful problem solvers.

· When students analyse each other’s completed solutions they are required to look for and identify any errors whilst also evaluating the solution method used. This puts the student in a critical, advisory role. Often the errors exhibited are symptomatic of common misconceptions and so in identifying these, students have the opportunity to confront and comment on alternative ways of thinking.  



Resource 1.0  
Completing Questions – Phone Charges 
	
A phone company charges £_____ per month plus £_____ per minute of calls.

I made _____ minutes of calls last month. How much did this cost?
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A phone company charges £_____ per month plus £_____ per minute of calls.

I made _____ minutes of calls last month. How much did this cost?
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Resource 1.1
Completing Questions - Journey
	
If a journey in a car with a fuel economy of _____ miles per gallon uses _____ gallons of fuel.

How many gallons of fuel will be used in a car with a fuel economy of _____ miles per gallon?
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If a journey in a car with a fuel economy of _____ miles per gallon uses _____ gallons of fuel.

How many gallons of fuel will be used in a car with a fuel economy of _____ miles per gallon?
	[image: image22.jpg]If a journey in a car with a fuel economy of miles per
gallon uses gallons of fuel.

How many gallons of fuel will be used in a car with a fuel
economy of miles per gallon?





	



Resource 1.2
Completing Questions - Map
	
A road that measures _____ inches on a map is _____ miles long in real life.

A river is _____ inches long on the map. How long is the river in real life?
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A road that measures _____ inches on a map is _____ miles long in real life.

A river is _____ inches long on the map. How long is the river in real life?
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Resource 1.3
Completing Questions - Saving
	
When I save £ _____ a week it takes me _____ weeks to save up for my holiday. 

How long would it take if I saved £ _____ a week?
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When I save £ _____ a week it takes me _____ weeks to save up for my holiday. 

How long would it take if I saved £ _____ a week?
	[image: image26.jpg]When | buy kg of bananas | get change froma
£ note.

How much change will | get if | buy kg of bananas?





	


Resource 1.4
Completing Questions - Eggs
	
It takes _____ minutes to boil _____ eggs.

How long does it take to boil _____ eggs?
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It takes _____ minutes to boil _____ eggs.

How long does it take to boil _____ eggs?
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Resource 1.5
Completing Questions - Triangles
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Two triangles are similar:


	Calculate length L
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Two triangles are similar:


	Calculate length L


	



Resource 1.6
Completing Questions – Straight Line

	
A straight line passes through the point (2,0) and the point
(___ , ___). It also passes through the point  (___ , y).

Calculate the value of y.
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A straight line passes through the point (2,0) and the point
(___ , ___). It also passes through the point  (___ , y).

Calculate the value of y.
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Resource 1.7
Completing Questions – Bananas
	
When I buy _____ kg of bananas I get _____ change from a £_____ note.

How much change will I get if I buy _____kg of bananas?
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When I buy _____ kg of bananas I get _____ change from a £_____ note.

How much change will I get if I buy _____kg of bananas?
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Resource 2.0 
Swapping Questions 

	Q1:


	

	Q2:


	



Resource 3.0 
Classifying More Scenarios
(1) The cost of hiring a minibus for the day is divided equally between it’s passengers. 

If there are 14 passengers it costs them £5 each. 

How much would they each pay if there were only 11 passengers on the minibus? 

Show your working.

	

	

	


(2) Tanya is getting a taxi home from a party. The taxi company charges a fixed hire charge
plus an additional charge per mile travelled.

Tanya’s home is 8 miles away and the taxi fare charged is £16. 
A previous 6 mile journey cost her £13.

If Tanya plans to get a taxi to her friend’s house, which is 12 miles away, how much will the 
taxi fare be for this trip? 

Show your working.

	

	

	


(3) Sonia is making a scale drawing of her school:
In Sonia’s drawing the classroom is 7.5cm wide. What should the length of the classroom be on her drawing?
 Show your working.
	

	

	

	



(4) Rebecca lives on the 15th floor of a high rise flat.

The lift goes up one floor every 10 seconds.

It stops at the fifth floor for 30 seconds for people to get out. 

How long does it take Rebecca to get the 15th floor? Show your working.

	

	

	


Resource 3.1 
Classifying More Scenarios (cont.)
(5) For each of the scenarios described in Q1 to Q4 decide which statements are true (tick all that apply).


	Q1 Scenario

‘Number of passengers’ & 
‘Cost per passenger’
	If you double the number of passengers, the cost per passenger also doubles
	The ratio of passengers to cost per passenger is always the same

	
	
	


Explain your answer:
	

	

	


	Q2 Scenario

‘Distance’ & ‘Cost’
	If you double the distance, the cost also doubles
	The ratio of distance to cost is always the same

	
	
	


Explain your answer:
	

	

	


	Q3 Scenario
‘Drawing length’ & ‘Actual length’
	If the actual length doubles, the drawing length also doubles
	The ratio of drawing length 
to actual length is always the same

	
	
	


Explain your answer:
	

	

	


	Q4 Scenario
‘Time ’ & ‘Floor lift has reached’
	If you double the time, the floor the lift has reached also doubles
	The ratio of 
time to floor lift has reached is always the same

	
	
	


Explain your answer:
	

	

	


