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	Professional development document

Unit 2      Understanding and identifying proportional contexts
Lesson 2C(i): Identifying proportional scenarios


	Lesson summary

	Summary:

· In this lesson students develop strategies for identifying whether two quantities vary in direct proportion to each other.
· They have the opportunity to explore efficient methods for solving proportional and non-proportional problems in a variety of contexts.
· Students will also have experience of distinguishing between direct proportion and other functional relationships.

	Focus of students’ learning

	· To develop strategies for classifying scenarios based on the existence and type of proportional relationship. 
· Students will consider the properties of direct proportion, using their knowledge to solve proportionality and non-proportionality problems.

	Lesson preparation

	· The pre-task (Classifying Scenarios) needs to be completed by students and formatively assessed by the teacher prior to the lesson. 
· The Getting Things in Proportion Activity cards and Blank Cards (for extension purposes) need to be cut up prior to the lesson. Students will need one card set per group. 
· Each group will also need a large piece of poster paper, a marker pen and some glue. 
· Mini-whiteboards, pens and wipes will be needed by students throughout the lesson.
· There are some PPP slides to support the lesson and for use in the lesson introduction. 
· Calculators may be given to students on request.


The Lesson 
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Prior to the lesson: Pre-task activity (Classifying Scenarios) 
Students solve proportionality and non-proportionality problems 
in a variety of contexts. They then categorise the four contexts
based on their properties: 
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The lesson: Introduction
[image: image4.jpg]THE HELPFUL
ENGINEER



[image: image5.png]


[image: image6.emf]Pick ‘'n’ Mix N

for Excellence in the
Teaching of Mathematics

Jane’s local shop sells Pick ‘n’ Mix sweets:

Jane wants to buy 75 grams of sweets.

How much will it cost?










Pick ‘n’ Mix 

Jane’s local shop sells Pick ‘n’ Mix sweets

:  

Jane wants to buy 75 grams of sweets. 

 

How much will it cost? 

 

96p

  

per 100g 

Students solve a proportion problem and two problems that do not involve proportion, exploring different methods used and identifying the properties of the problem that determine the presence
or absence of direct proportionality:


Collaborative group work: Getting Things in Proportion Activity
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Students examine scenarios expressed in different ways in order to classify them as directly proportional or not. They solve problems stated explicitly or implicitly as part of the categorising process. Blank cards are provided for students to create their own cards by way of an extension activity and students also have the opportunity to investigate the properties of the cards that have been categorised as not directly proportional.


Sharing work
Students describe their reasoning for their card classifications and critique the reasoning of others.
Poster review
Students have a chance to re-consider their classifications, having shared their work with another group.
Class discussion
Students share what they have done and found, evaluating their solution methods.


Lesson commentary 
	Prior to the lesson: Pre-task activity (Classifying Scenarios)

· Students should work on the pre-task activity on their own, in class or as a homework task a few days before the lesson. It is important that you do not assist students in completing the task.
· Collect in students’ responses to the pre-task activity prior to the lesson to allow you to assess where students are having difficulty and what their current understanding is. 
· Write one or two questions, as appropriate, on each students’ work to help them to progress further. The following suggestions may be helpful: 
· A student who assumes that a pizza with 6 additional toppings will cost twice the price of a pizza with 3 additional toppings (Q1)
What effect does having a fixed basic pizza price have on the cost of a pizza? 
What do you notice about the cost of a pizza with 5 toppings compared with a pizza with 3 toppings?
· A student who assumes that the time taken halves as the speed halves (Q3)
If the speed that the car is travelling is reduced, what effect will this have on the journey time?
· Students may reason additively rather than multiplicatively. For example, when answering Q2 they may work out the cost in pounds as £5 + £92 = £97 or for Q4 they might calculate the number of cartons of orange juice Amy needs to buy as 2 + 4½ = 6½ cartons.  
· The assessment of the students’ responses to the pre-task activity may help with grouping students for the collaborative group work. E.g. you may want to group students that have conflicting opinions about the properties of the scenarios (Q5)
· The pre-task work will be handed back to the students at the end of lesson 2d, prior to completing a post-task.
The lesson: Introduction
· Students will need mini-whiteboards to work on. Display Slide 1 of the PPP and ask students to calculate the cost of 75 grams of sweets and write their solution on their mini-whiteboard. (They may also use their mini-whiteboard for any calculations they wish to carry out when solving the problem). Students should work on their own before displaying their mini-whiteboards for you to see.
· If there are multiple responses given, collate the answers on the board and ask individual students with a particular solution to explain their method to the class. Do this for each distinct solution but do not comment on whether a specific answer is correct at this stage. 
· If there is consensus, focus on the strategies and models (e.g. the bar model) used to come to their solution. 
· Display Slide 2 of the PPP and collate student responses in the same way. Some students may assume that doubling the number of slices of bread to be toasted, will also double the toasting time. Whilst this second scenario may be considered to be a trivial one, you might like to hold a brief discussion about when this kind of doubling might occur (e.g. the time taken to toast four slices of bread in a single two slice toaster will be twice the length of time needed to toast two slices of bread, if the four slices of bread are toasted in twos in succession.)
· Display Slide 3 of the PPP, again collating student responses for each of the two questions. Encourage students to articulate their methods and notice whether they comment on the structure of the problem in their explanations.
· Once students have had a chance to solve each of the problems, hold a discussion about the differences in the three scenarios. What do students notice about the differences in structure, for example, of the ‘Pick ‘n’ Mix’ scenario versus the ‘Movie hire’ scenario? Do they recognise that even though the cost of hire increases as the number of movies being hired increases, the two amounts are not in direct proportion to each other?
· Give students the opportunity to express their understanding and prior learning. This information can then be used to enable you to assess the kind of support needed in the following activity, based on the needs of your students.
Collaborative group work: Getting Things in Proportion Activity
· Students now work in groups of 2 or 3 classifying a set of cards based on proportionality. Give each group the card set Getting Things in Proportion Activity, containing 12 scenario cards (showing statements, graphs or tables), a large piece of poster paper, a marker pen and a glue stick. 

· Students need to split the poster paper into two columns and label them ‘Directly proportional’ and ‘Not directly proportional’. They then categorise the cards into the two columns, solving any problems explicitly stated on the cards.
· Activities that involve the need to classify objects (in this case scenarios) allow students the opportunity to discriminate carefully and recognise the properties of the objects being classified, as well as developing mathematical language and definitions. 
· It is quite common to see students working independently, even when they are sitting together. Encourage students to take it in turns to place a card and to explain their reasons to each other. In particular, see if they are able to explain the classification of a card placed by someone else in the group.
· Once agreed on the classification of a card, students need to glue the card down, writing any working and/or explanations on the poster, next to the card. Students should be encouraged to spend enough time on each card to be confident of it’s classification, rather than rushing to try to place all 12 cards.
· It is important that students are allowed to explore different solution and categorisation strategies as they work on this activity and are not prompted to use one particular method. Try to support students’ thinking and reasoning, asking questions to help them to make progress and encouraging them to compare cards. 

· When visiting students working collaboratively in groups some teachers like to resolve discussions before they leave a group to move on to the next. When the teacher leads the group to the solution and then leaves, the discussion has ended. Students are left with nothing to think about or they go on to a different problem. It is often better to awaken interest with a further interesting question that builds on the discussion and then leave the group to discuss it alone.
· For those that have classified the cards correctly and need an extension: Either give out the Blank Cards and ask students to invent their own cards that are and/or are not directly proportional or ask students to look at the cards they have classified as not directly proportional and ask them to think about what they notice. You may like to ask: Can you group the cards in this classification in any way? Are any cards similar? In what way? Do any cards stand out from the rest? 
Sharing work:

· Once students have had sufficient time to work on their poster, ask one member of the group to jot down their card classifications and any solutions they have calculated for cards containing problems to be solved, on their mini-whiteboard before visiting another group’s work. The student staying with their group’s work needs to explain and justify their classifications, describing their solution methods as appropriate. The visiting student should look carefully at the group’s work and challenge any cards that they think have been classified wrongly. If there is agreement on the categorisation of the cards, a comparison of the methods used when placing the cards and/or solving the problems contained within the cards can be discussed.
· It is likely that some groups will not have categorised all the cards and it is not essential that they do so. If this is the case, encourage students to share their reasoning for the categorisation of the cards they have both managed to place.
Poster review:
· On returning to their groups, students need to review their work and if they think they have put a card in the wrong category, they can draw an arrow on their poster to the alternative column and include an explanation. Encourage students to voice and write on their posters, their reasoning for the movement of a card.
Class discussion:

· The aim of this discussion is to allow students to voice what they have learned and talk about what they have gained from the lesson, as well as reflecting on the strategies used.
· As it is likely that not all groups will have categorised all 12 cards, the discussion may revolve around just a few cards (and this is okay!). The important thing is to encourage maximum student participation and engagement. Use your knowledge of the students’ group work to call on a wide range of students for contributions. Focus on what you noticed about how students approached the activity to inform your discussions. For example, you might want to ask questions like: Which card(s) did you find easiest/most difficult to categorise/complete? Why was this? 
Were there any disagreements when you compared your posters?
What have you learnt about ways to recognise scenarios that are or aren’t directly proportional?
· It may be appropriate to address any misconceptions the students have had, during this discussion, encouraging students to articulate how their understanding has changed and developed as they have been categorising and solving the problems contained within the cards.


	Adapting the lesson

	· The task is designed to include a variety of visual representations of different scenarios allowing all students to gain access.
· Students who are struggling to get started may, however, find it helpful to represent a scenario in a different way that is more familiar to them, or may find that applying a model to the scenario allows them to make sense of the problem.
· Students that are able to categorise the scenarios correctly should be encouraged to identify situations that are non-linear and investigate the different possible structures of problems of this type.

	Suggestions for lesson study focus

	· It is important to nurture a classroom culture where:

· The teacher joins in activities as an equal member of the group, rather than the authority figure, and recognises that by adopting a judgemental role students tend to try and guess what’s in the teacher’s head, rather than thinking for themselves. 
· Students devise their own strategies for classifying scenarios based on the existence and type of proportionality. When they have questions about the maths of solving a problem, they look first to their peers, seeing the teacher as a last resort when their struggle with a problem becomes unproductive.

	Research background to the lesson

	· Research suggests that teaching approaches that encourage the exploration of misconceptions through discussions result in deeper, longer term learning than approaches which try to avoid mistakes by explaining the ‘right way’ from the start (see for example Bell (1993) ‘Some experiments in diagnostic teaching’ and Swan (2000) ‘GCSE mathematics in further education: challenging beliefs and practices’).
· The aim of both the pre-task and the introduction to the lesson is to expose students’ current understanding and so enable the lesson to build upon prior learning by allowing students to resolve their own difficulties and misconceptions through collaborative group work on a classification activity. The role of the teacher is to ask probing questions that help students to address specific issues and build upon the knowledge they already have.
· A common misconception held by students when identifying proportionality is that two variables are directly proportional if one increases as the other increases, often confusing directly proportional relationships with linear or sometimes even non-linear relationships. Many students also have difficulty in recognising the multiplicative structures that underlie proportion problems. Instead they use addition methods or informal methods using doubling, halving and adding.

· By categorising scenarios based on whether they are directly proportional or not, it is likely that students will exhibit their beliefs about the properties that make two variables directly proportional to one another. 

· The inclusion of graphs as representations for some of the scenarios enables students to explore the differences between a linear relationship and a directly proportional relationship (namely the intersection of the graph with the origin) whilst other scenario representations present students with the need to implement appropriate strategies for solving problems involving proportionality.
· A final whole class discussion allows the teacher to draw out the important ideas and help students to make connections between them, whilst at the same time allowing opportunities for the underlying structures of the problems explored to be identified and generalised.


Resource 1.0 
Classifying Scenarios 
(1) A local pizza restaurant charges a fixed amount for a basic cheese and tomato pizza plus extra for each additional topping.
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Making toast 

Jane has a two slice toaster. She puts one slice of bread 

in and it takes 1!  minutes to toast.  

 

 

 

 

 

 

       

       

      How long would it take to toast if she put 

      two slices of bread in the toaster?  

Jackie orders a pizza with 3 additional toppings and it costs her £6.05. 

Stephen orders a pizza with 5 additional toppings and it costs him £6.75. 


How much would a pizza with 6 additional toppings cost? Show your working.
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(2) The conversion rate between US dollars and pounds is:

$8 = £5
Tony wants to buy $100. How much will it cost him in pounds? Show your working.

	

	

	


 (3) Lauren is planning a visit to the cinema. 
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She can either drive on the main road (at a speed of 60 mph) or take the country lane route (at a speed of 30 mph). The distance to the cinema is the same for both routes.
If she goes via country lanes it takes her 25 minutes to get to the cinema. How long would the journey take if she drove on the main road?
Show your working.
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(4) Amy is making fruit smoothie for a party. She uses 2 cartons of orange juice for every 3 cartons of strawberry juice to make the smoothie. 
She has 7 full cartons and a half carton of strawberry juice already. 
How many cartons of orange juice does she need to buy? Show your working.
	

	

	


Resource 1.1 
Classifying Scenarios (cont.)
(5) For each of the scenarios described in Q1 to Q4 decide which statements are true (tick all that apply).


	Q1 Scenario

‘Number of toppings’ & 
‘Cost of pizza’
	If you double the number of toppings, the cost of the pizza also doubles
	The ratio of the number of toppings to the cost of pizza is always the same

	
	
	


Explain your answer:
	

	

	


	Q2 Scenario

‘US dollars’ & ‘Pounds’
	If you double the number of US dollars, the number of pounds also doubles
	The ratio of US dollars to pounds is always the same

	
	
	


Explain your answer:
	

	

	


	Q3 Scenario
‘Speed’ & ‘Time taken’
	If you double the speed, the time taken also doubles
	The ratio of speed to time taken is always the same

	
	
	


Explain your answer:
	

	

	


	Q4 Scenario
‘Orange juice’ & ‘Strawberry juice’
	If you double the amount of orange juice, the amount of strawberry juice also doubles
	The ratio of orange juice to strawberry juice is always the same

	
	
	


Explain your answer:
	

	

	


Resource 2.0 
Getting Things in Proportion Activity 
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A                                            Currency conversion
            £5 = 6€
Nathan wants to take 45€ with him to Madrid.

How much will this cost in pounds? 
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B                                                 Mobile phone plan
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                      £11 a month, unlimited free minutes,
                       8p a text

 One month Melanie makes 30 minutes of calls and 
sends 25 texts. How much does she have to pay? 


	C                                           Ages
When Ben was 4 he was twice as old 
as his brother Tim
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Hiring movies 

Jane is looking at an advert for movie hire: 

 

 

 

 

 

       

 

 

       

 

      Jane has a budget of £20. How many 

      movies can she hire?   

      What would be the cost of hiring 16 

      movies?  

 

1st two  

movies 

free! 

 

 

Hire movies 

for just £3 

each! 

D                                                       Buying pens
Regardless of how many pens you buy, if you divide
the total cost of the pens by the number bought, you

will always get the same answer 

	E                                                       Train journey                                        

For a train travelling at a constant speed, if you double
the distance travelled, the time taken also doubles

	F                                                            Car value                                       

The value of a car and it’s age




Resource 2.1 
Getting Things in Proportion Activity (cont.)
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I                                               

Unit conversions 
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Width 

(inches) 

6  4 

7  5 
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K                                                    

Postage Costs
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books 

ordered 

1  2  3  4 

Postage cost 

 

£2.50  £3.50  £4.50  £5.50 
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After burning for 2 hours the candle 
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G                                                 Internet access
[image: image19.emf](1) A local pizza restaurant charges a fixed amount for a basic cheese and tomato pizza plus extra for each
additional topping.

p—
é;(?:‘; Jackie orders a pizza with 3 additional toppings and it costs her £6.05.

(2) The conversion rate between US dollars and pounds is:

8% =£5

Tony wants to buy 100$. How much will it cost him in pounds? Show your working.










8&51!9!"#$$%&!9)!I#$%'*/#!J#  Resource 1.0   Classifying Scenarios  

(1) A local pizza restaurant charges a fixed amount for a basic cheese and tomato pizza plus extra for each 

additional topping. 

 

Jackie orders a pizza with 3 additional toppings and it costs her £6.05.  

 

Steven orders a pizza with 5 additional toppings and it costs him £6.75.  

 

 

How much would a pizza with 6 additional toppings cost? Show your working. 

 

 

 

(2) The conversion rate between US dollars and pounds is: 

8$ = £5 

Tony wants to buy 100$. How much will it cost him in pounds? Show your working. 

 

 

 

 (3) Lauren is planning a visit to the cinema.  

She can either drive on the main road (at a speed of 60 mph) or take the country lane 

route (at a speed of 30 mph).  

If she goes via country lanes it takes her 25 minutes to get to the cinema. How long would 

the journey take if she drove on the main road? 

Show your working. 

 

 

 

(4) Amy is making fruit smoothie for a party. She uses 2 cartons of orange juice for every 3 cartons of 

strawberry juice to make the smoothie.  

She has 7 full cartons and a half carton of strawberry juice already.  

How many cartons of orange juice does she need to buy? Show your working. 
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Makes: 20 cookies 

    170g (6oz) margarine or butter 

    115g (4oz) caster sugar 

    1 teaspoon vanilla extract 

    225g (8oz) self-raising flour 

    57g (2oz) rolled oats  

 

Makes: 20 cookies 

 

6oz butter 

4oz caster sugar 

8oz self-raising flour 

2oz rolled oats 

 

 

£1.09 

each 
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Resource 2.1

   Getting Things in Proportion Activity (cont.) 

G                                                 

Internet access
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Classifying Scenarios (cont.)

(5) For each of the scenarios described in Q1 to Q4 decide which statements are true (tick all that apply).

The ratio of the number of
toppings to the cost of pizza is
always the same

If you double the number of
toppings, the cost of the pizza
also doubles

Q1 Scenario

‘Number of toppings’ &
‘Cost of pizza’

Explain your answer:

The ratio of US dollars to
pounds is always the same

If you double the number of US
dollars, the number of pounds
also doubles

Q2 Scenario

‘US dollars’ & ‘Pounds’

Explain your answer:

The ratio of speed to time taken
is always the same

If you double the speed, the

Q3 Scenario time taken also doubles

‘Speed’ & ‘Time taken’

Explain your answer:

Q4 Scenario

If you double the amount of
orange juice, the amount of
strawberry juice also doubles

The ratio of orange juice to
strawberry juice is always the
same

‘Orange juice’ & ‘Strawberry
juice’

Explain your answer:
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Resource 1.1

   Classifying Scenarios (cont.) 

(5) For each of the scenarios described in Q1 to Q4 decide which statements are true (tick all that apply). 

 

Q1 Scenario 

 

‘Number of toppings’ &  

‘Cost of pizza’ 

If you double the number of 

toppings, the cost of the pizza 

also doubles 

The ratio of the number of 

toppings to the cost of pizza is 

always the same 

   

Explain your answer: 

 

 

 

 

Q2 Scenario 

 

‘US dollars’ & ‘Pounds’ 

If you double the number of US 

dollars, the number of pounds 

also doubles 

The ratio of US dollars to 

pounds is always the same 

   

Explain your answer: 

 

 

 

 

Q3 Scenario 

‘Speed’ & ‘Time taken’ 

If you double the speed, the 

time taken also doubles 

The ratio of speed to time taken 

is always the same 

   

Explain your answer: 

 

 

 

 

Q4 Scenario 

‘Orange juice’ & ‘Strawberry 

juice’ 

If you double the amount of 

orange juice, the amount of 

strawberry juice also doubles 

The ratio of orange juice to 

strawberry juice is always the 

same 

   

Explain your answer: 
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Resource 2.0 Getting Things in Proportion Activity

A Currency conversion

£5 = 6€

Nathan wants to take 45€ with him to Madrid.
How much will this cost in pounds?

B Mobile phone plan

£11 a month, unlimited free minutes,
8p a text

One month Melanie makes 30 minutes of calls and
sends 25 texts. How much does she have to pay?

c Ages

When Ben was 4 he was twice as old
as his brother Tim

D Buying pens

Regardless of how many pens you buy, if you divide
the total cost of the pens by the number bought, you
will always get the same answer

E Train journey

For a train travelling at a constant speed, if you double
the distance travelled, the time taken also doubles

F Car value

The value of a car and it's age
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Resource 2.0

   Getting Things in Proportion Activity  

A                                            

Currency conversion

 

 

            £5 = 6!

 

 

Nathan wants to take 45! with him to Madrid. 

How much will this cost in pounds? 

 

 

 

 

 

 

 

 

 

 

 

 

B                                                 

Mobile phone plan

 

 

                      £11 a month, unlimited free minutes, 

                       8p a text 

                       

 

One month Melanie makes 30 minutes of calls and 

 

sends 25 texts. How much does she have to pay? 

 

 

 

 

 

C

                                           Ages

 

 

When Ben was 4 he was twice as old  

as his brother Tim

 

 

D                                                       

Buying pens 

 

Regardless of how many pens you buy, if you divide 

the total cost of the pens by the number bought, you 

will always get the same answer 

 

E                                                       

Train journey

                                         

 

For a train travelling at a constant speed, if you double 

the distance travelled, the time taken also doubles

 

F                                                            

Car value

                                        

 

The value of a car and it’s age 

 

Makes: 20 cookies     170g (6oz) margarine or  but t e r      115g (4oz) caster sugar     1 teaspoon vanilla extrac t      225g (8oz) self-raising fl o u r       57g (2oz) rolled oa t s    Makes: 20 cookies   6oz butter  4oz caster sugar  8oz self-raising flour  2oz rolled oats   

 

£1.09 

each 





Resource 2.2 
Getting Things in Proportion Activity (cont.)
	I                                               Unit conversions
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	J                                                        Photo sizes

Length (inches)

Width (inches)

6

4

7

5

10

8



	K                                                    Postage costs
Number of books ordered

1

2

3

4

Postage cost

£2.50

£3.50

£4.50

£5.50



	L                                                   Burning candle




Resource 2.3 
Blank Cards

	

	

	

	

	


What would be the cost of using 2500MB of data?





What is the engineer’s hourly rate?





How many centimetres are there in 8 inches?





After burning for 2 hours the candle has a height of 8 centimetres.


What height will the candle be when it has been burning for 3 hours? 





13 centimetres








