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	Professional development resource
Unit 2     Understanding and identifying proportional contexts
Lesson 2A(i):  Working with contexts which lead to the bar model  


	Lesson summary

	· In this lesson students work with a variety of contexts where the bar model emerges as an appropriate representation of the context
· The contexts used include blocks of cheese, butter, a hot water urn, ribbon and pizza. Most of which can be modelled as a rectangular bar.
· Students develop ways of working with the bar to help them solve a variety of problems where the quantities are directly proportional

	Focus of students’ learning

	· To develop strategies for accurately portioning up a bar

· To be able to draw a bar to represent a particular context where quantities are proportional
· To be able to accurately place other information that they know to be true, on their bar

· To be able to use the bar to solve a range of problems involving direct proportion

	Lesson preparation

	· Unit 1 lessons 1c ‘Fair shares’ and 1d ‘Our survey said’, also used contexts which led to a bar model representation.  It is not necessary for students to have worked on these lessons, but worthwhile teachers being aware of the wide variety of situations, which can be modelled with a bar.
· Mini-whiteboards can help students to readily draw their own bars without feeling constrained by having to use a ruler, and having to be neat.

· Copies of worksheet 1

· Power point slides are available




The Lesson 
	Stage 1: Cutting off portions of food – Q1 + worksheet 1
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Stage 2: How full is the hot water urn? – Q 2
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Stage 3: Comparing the price of various samples of ribbon – Q 3 & 4
[image: image8.jpg]9 -, ~ N
I x 2m Metatic

L





[image: image9.png].

T v S — _—
il P




[image: image10.png]8820 80 450 #0476 K6 70576 KOG 570,526 570528



[image: image11.png]a)

120 cups

b)

120 cups

©

120 cups

)

120 cups




[image: image12.png][ rome et Pagelajout  References  Mailings  Review | View

Design  Layout

e 0 Ruter ({ (@one poge 33 E =
[ Grdiines B ([ rwo pages
Ful Screen Web Outine Draft Zoom  100% New Amange  Spiit
Reading  Layout [0 Navigation Pane S Page width | window A1l
Document Views Show Zoom

(X2 View Side by Side =

@] Synchronous Scrolling
Switch
513 Reset Window Position | windows -

Window

ot

Macros

900 grams. Show where to
cut off 600 grams.

b) Thisblock of butter weighs
250 grams. Show where to
cut off 50 grams.

c) Thesmoked cheese weighs
acn Chmiiriibnea s

» S




Stage 4: Sharing rectangular pizzas – Q 5 & 6
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Stage 5: Summary questions – Q 7 - 11
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Lesson commentary 
	 Stage 1: Cutting off portions of food – Q1 and worksheet 1
· Q1: It is worth discussing this context; have the students themselves had any experience of gathering ingredients for a recipe, how do they do it? Do they think it is ok to estimate as Ruby does? Is there any guidance on food packaging, which helps you to estimate rather than having to weigh precisely? Some students may be aware of the markings on the inside of a butter packet, or the outside of a tin of beans for example.
· Students can tackle question 1 individually or as a class. They could demonstrate their strategies at the front of the class and be encouraged to verbalise what they did. Some students have a tendency always to imagine cutting in half and working from there. Other students develop a ‘fitting in’ type approach. i.e for part b) some students will recognise that you can fit 5 lots of 50 grams into 250 grams, hence the need to split the butter into 5 equal parts and cut off one of these. Others may imagine the halfway point as 125g and put a marker slightly left of that to indicate 100g.
· Qu 1 parts e) and f) are potentially interesting, some students may try to continue with vertical cuts rather than going for uniform slices cut along the radii of a circle. Cutting 100 grams from 900 grams can be done in various ways. Some students may recognise the value of cutting into thirds first.
 Stage 2: How full is the hot water urn? – Q2
· Again, some discussion of the context can prove fruitful. Have they ever seen one of these urns? Perhaps they are used on parent’s evenings or at school concerts? Why might it be important to be able to keep a track on how full the urn is? 

· Students could be asked to answer Q2 (i) & (ii) individually and then to describe their strategy to the person next to them. Again, strategies will vary. Some students can immediately say that for part a) one of the divisions must be equivalent to 12 cups. Weaker students who are not secure about this may need to use a ‘figuring out’ approach. i.e they know half way is 60 cups and may need to use guess and check on each portion to see what amount leads to 60 at the half way point.

· Some students use the divisions of part a) to estimate the other parts. Other students may try a ‘fitting in’ type approach. i.e for part c) if they chunk up in pieces the same size as the bottom piece, they will realise that 3 chunks takes them just above the 120 cups mark. Other students use halves and quarters as reference points. Some students might like to make a strip copy of the bar and try folding in order to look for relationships between the part and the whole.
· Answers should be in the region of: a) (i) 6/10 ths (ii) 72 cups      b) (i) 3/4 (ii) 90 cups      c) (i) 1/3 (ii) 42 cups            d) (i) 54/100ths (ii) 64 cups,  but will vary depending on the strategy used.
Stage 3: Comparing the price of various samples of ribbon  - Q 3, 4 & 5
· Q3a – students’ pictures of the 80cm of ribbon can vary considerably and are worth sharing as a class. Some make a copy of the photo and draw a price tag showing £ 1.16. Others draw a piece of ribbon cut off and stretched out and attach a price tag and 80 cm. Some mark 80cm above the middle of the ribbon with arrows stretching to both ends of the ribbon. Some may draw it next to a ruler, this is how it would be measured in the shop using the screwed down ruler at the counter. It can be interesting to start to categorise these pictures as those which are ‘close to the context’ i.e. looks very much like the photograph, or indicate the person who drew the picture is imagining being in the shop; and those pictures which look quite mathematical i.e. a rectangular bar. 
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One of the drawings which has the most potential to help students answer Q 3b is shown.
Once this image is shared the teacher can ask questions like:’ What other quantities of this ribbon would you know the price of? / Come and label them on the bar./  How do you know you have put this in the correct place?/ Who can show us where 1 metre of ribbon would be on this picture? ….’
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Students are able to mark on the middle to show that 40cm costs 58p. Then halve the distance again to show 20cm costs 29p. They may next mark up the cost of 60cm (by say adding 58p to 29p) or they might to choose to mark on 10cm. If there is room they may continue the bar to show 160cm costs £2.32 and so on. This is a useful activity to share at the board by handing the board pen out to individuals who one at a time mark on an amount  of their choice.
· The questions suggested above help students to pay attention to scale and this is critical as a way of making sense of the bar. One possible route to the solution to Q3c is shown here:
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Q4a - Students will draw their own versions of bars, but it is helpful to have some consistency, such as labelling both ends of the bars at the top and at the bottom.  E.g. 

· It is also important in the early stages to insist that additions to the bars are placed in the ‘correct’ place taking account of scale. Q 3 & 4 provides students opportunities to practice drawing bars and to develop the freedom to fill in what else they know. Some of the weaker students can get fixed on doubling (i.e drawing the bar twice as long) and halving and may need prompts to attempt partitioning the bar into say three equal parts.  The quantities used in Q4 were deliberately chosen to force a need to partition each half of the 6-metre bar into three parts. 
· Q5c  answers: Students can use the bars they have created in Q5a & b to find  the cost of a common length of each ribbon sample
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Stage 4: Sharing rectangular pizzas – Q6 & 7
· Q6 a) Pictures will vary. Some go for cutting the pizza vertically downwards into 9 slices. Some make 3 cuts downwards to produce thirds and then cut each of these pieces horizontally. Cutting up the pizza can help to provide a strategy for sharing out the money. i.e students who cut it into thirds first may find one third of £10.35 first and then split the £ 3.45 three ways, to get £ 1.15 per slice. So Masood pays £ 5.75 and Tim pays £ 4.60
The student who produced this solution would appear to be thinking how they could get to £10.35 with 9 lots.
Stage 5 : Summary questions – Q8 – 12
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Some students will naturally begin to draw in order to answer the summary questions. Some students may be able to answer the questions correctly without drawing. It may be worth getting the students to attempt these questions individually and then compare their strategies. In previous trials, teachers have found it useful to ask students to see whether they can see a method, which did not involve drawing, within the bar. I.e If a student answers question 7 using a routine like ‘I divided by 8 and times by 5’, then the teacher could ask the students to consider: ‘Which part of the bar refers to divided by 8, and which part refers to the times by 5?’

· Here are some solutions to the summary questions which make use of the bar model:
· In Q 11 & 12, the contexts do not necessarily conjure up the image of a bar. Here we see the possibility for applying the bar model to a wide variety of maths problems.

	Adapting the lesson

	· In previous trials, this material was accessible to all levels of student. The differentiation comes from the ways in which the students tackle each problem. Specific prior knowledge is not required.
· Lower ability students can confidently double and halve quantities, but may struggle when partitioning into say 3 parts. For example for the ribbon where 6 metres costs £ 8.40 (Q4), they will confidently mark on 3 m costing £ 4.20, or even 1.5 m costing £2.10, but may need to use a guess and check type method in order to figure out the cost of 1m. The bar provides an image, which is supportive to this kind of thinking.
· Some higher ability students may already be capable of answering problems in proportional reasoning. For them, this lesson is as much about developing use of the bar model and a recognition that drawing something can be a useful strategy for approaching a range of problems. Where students offer alternative strategies to the bar, it is important to ask them to describe where they can see their own method on the bar. This can help students to make sense of the rationale behind their strategy.

	Suggestions for lesson study focus

	You might want to consider these aspects of student’s thinking:
· How do the strategies the students use to portion up bars, be it blocks of cheese (Q1) or samples of ribbon (Q3, 4 & 5) differ?

· What evidence can you gather to show that some students find it difficult to go beyond portioning into halves and quarters

· How does using context (and really embracing the contexts, as suggested in the lesson commentary) influence student responses?
You might also want to consider pedagogic aspects such as these:

· In what ways can the teacher help students to share their strategies with each other and to listen to each other’s thinking. This could be in a paired, group or whole class setting.

· In conjunction with this, how can the teacher help develop a student’s ability to interrogate each other’s thinking.



	Research background to the lesson

	· In Realistic Maths Education (RME), the bar model is seen as a very helpful and widely applicable model. (See Van Den Heuvel-Panhuizen (2003); ‘The didactical use of models in Realistic Mathematics Education’.) It offers ways of enabling students to make sense of a wide range of problems including those relating to fractions, percentages, decimals, ratio and proportional reasoning in general.
· The contexts used in this lesson lead to various versions of the bar. E.g:

The hot water urn leads to a vertical bar which is sectioned up into a fraction bar

The ribbon leads to a horizontal bar, which can be described as a ‘double number’ bar, because it represents two quantities, length and cost. 

· Initially the ‘bars’ appear as part of the context itself, but gradually students begin to draw more ‘mathematised’ versions. This is one of the indicators of progress in RME, that students start to recognise the generalizability of the bar model to a variety of situations. In that sense, this lesson continues the work begun in Unit 1 lesson 1c and 1d. 


Catering
1. Ruby works in the kitchen of a café. She has responsibility for ordering food and portioning the food out for the various recipes once it arrives. Ruby finds it is quicker to portion food out by eye rather than measuring accurately. 

Use worksheet 1 to show where to cut to achieve the portion sizes of food indicated below:
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2. Sometimes Ruby’s café provides outside catering for business lunches. They supply hot water urns, so that people can have access to hot drinks. The hot water urns are similar to the one shown in the picture. Each urn has a vertical gauge that shows how much water is in the urn.
When it is full, the urn can supply 120 cups.
The pictures show the gauge at various stages of the day


(i) For each picture, estimate what fraction of the urn is full.

(ii) For each picture, say how many cups of water there are left in the urn.

Buying ribbon

3. Louisa is a dress maker. She uses ribbon to edge her garments as a way of making her designs stand out. Louisa buys a sample of the ribbon shown below:


a) It costs her £ 1.16 for 80cm of the spotty ribbon. Draw a picture to represent this information, and make it look realistic.
b) What else do you know? Mark on your picture some other quantities of this ribbon, which you would know the cost of.
c) How much would it cost to buy 1 metre of the ribbon?

4. The ribbon shown in the picture below  is priced at  £ 8.40 for 6 metres     


a) What else do you know about this ribbon?

Draw the ribbon as a bar picture and fill in some other quantities that you know the price of.
b) Which of the two ribbons shown above is cheaper?

5. Louise buys samples of 3 more types of ribbon as follows:





a) Draw a bar to represent each sample of ribbon
b) What else do you know about each ribbon? Use you bars to fill in some other quantities that you know the price of.

c) Which of these three styles of ribbon would work out to be the most expensive? 

Sharing Food

6. The café where Ruby works specialise in making large rectangular pizzas. These are popular with lunch time diners who often order one of the large pizzas to share. Masood and Tim are students. They meet for a pizza in the café once a week. On one occasion they order the rectangular cheese and tomato pizza shown below costing £10.35.

Tim is not as hungry as Masood, so they cut the pizza into 9 slices, Tim eats 4 slices and Masood eats 5 slices.
a) Draw a picture to show how they might share out the pizza

b) Share out the cost of the pizza between Masood and Tim in the ratio 5 : 4
7. The following week Masood and Tim are joined by Emily. The three students decide to share one of the gigantic seafood rectangular pizzas priced at £16.80. When the pizza arrives Emily cuts the pizza into equal sized slices. Masood eats 4 of the slices, Emily stops after eating 3 slices, Tim ends up having eaten 5 slices.
a) Draw a picture to show how they might have shared out the pizza

b) Share out the cost of the pizza in proportion with the amount each person has eaten

Summary Questions

Drawing a bar can be a helpful way to tackle several problems in maths. It provides a way of visualising problems.
8. A water tank can hold up to 60 litres of water. The gauge on the front of the tank shows that it is 5/8ths full. How much water is currently in the tank?
9. A straight jug can hold up to 300 ml of liquid. Jo wants to make a fruit crush to fill the jug. The recipe says mix 2 parts of orange juice to 3 parts of pineapple juice. How many millilitres of each juice will Jo need?

10. One of the raffle prizes at a school fair is a gigantic bar of chocolate measuring 120cm in length. The prize is won by two friends, Eliza and Shola. They wonder how to share out the prize. Shola thinks it is not right to split it in half because there are only three people in her family whereas there are five people in Eliza’s family. Suggest a fair way that they could share out the prize.

11. A car travels 60 miles in ¾ of an hour at a steady speed. Draw a bar to represent this information. What is the speed of the car in miles per hour.
12. Bananas are priced at £2.50 per kilogram. Draw a bar to represent this information and use it to work out the cost of 1.2 kilograms of bananas.

Lesson 2a

Worksheet 1: Food portions











Students individually or as a class make decisions about where to cut the food. They can share their strategies, which may well vary. 








Students develop a range of strategies for deciding how much of the vertical bar representing the gauge on the urn is shaded. It is worth hearing these strategies; they may be subtly different.








Now students have to create their own rectangular bar to represent the context, which in this case is a ribbon. They are encouraged to use their bars to deduce other relationships between the length of ribbon and the cost.








Students are required to draw their own version of the rectangular pizza and show how to cut it up and distribute the parts, and the cost, in a given ratio. 








Students tackle other questions where the imagery suggested by the contexts is a rectangular bar, either vertically or horizontally oriented. It is possible to start to see the potential here to tackle a whole range of proportional reasoning type questions by drawing a bar model.





This cheddar cheese weights 900 grams. Show where to cut off 600 grams.





This block of butter weighs 250 grams. Show where to cut off 50 grams.





The smoked cheese weighs 450 grams. Show where to cut off 200 grams.





This smoked cheese weighs 800 grams. Show where to cut off 700 grams.





This piece of brie weights 1200 grams. Show where to cut off 900 grams.





This piece of brie  weights 900 grams. Show where to cut off 100 grams.





Sample A


40 cm of this ribbon cost 92p





Sample B


60 cm of this ribbon cost £ 1.32





Sample C


75 cm of this ribbon cost £ 1.80





This cheddar cheese weighs 900 grams. Show where to cut off 600 grams.





This block of butter weighs 250 grams. Show where to cut off 50 grams.





The smoked cheese weighs 450 grams. Show where to cut off 200 grams.





This smoked cheese weighs 800 grams. Show where to cut off 700 grams.





This piece of brie weighs 1200 grams. Show where to cut off 900 grams.





This piece of brie weighs 900 grams. Show where to cut off 100 grams.








