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Overview of Unit 3 lessons    (taken from the lesson documents)
Applications to a range of proportional problems

	Unit 3A Lessons   Further deepening understanding of multiplicative reasoning through application to a wider range of problems.  

	3A     The ratio table   

	Lesson summary
· In these lessons students initially re-visit the ribbon context and are reminded how this can be represented by the bar model. If the ribbon is long, then it becomes inconvenient to draw a bar, which is exactly to scale. This situation is used to provide motivation for another model ‘the ratio table’, which is similar to the bar model in that quantities stay within measures as you work horizontally. However, in a ratio table, it is not necessary to place quantities according to scale. In summary, the ratio table can be thought of as the ‘bar model without scale’.
· Here the contexts offered include ribbon, skirting board, buying multiple quantities of food, best buy, special offers and recipes. In the case of the ribbon and the skirting board, because these are ‘rectangular’ when drawn, they are considered to be quite ‘close’ to the bar model, and to the ratio table it becomes. In the case of the other contexts, representing them by a ratio table is not so natural and students will initially need support to learn how to sketch a ratio table for these contexts.
· The ratio table is an extremely flexible model, which can be used to solve a wide variety of problems in number. (Its use can even be extended to support algebraic thinking). In this material, students develop ways of working with the ratio table to help them solve a variety of problems in multiplication, division, price comparisons, percentage decrease, pie charts etc., where the quantities are directly proportional.

	Focus of students’ learning 
· To develop strategies for setting up a ratio table to represent a variety of situations.
· To be able to fill in other information that they know to be true in their ratio table. (Strategies may include, doubling, halving, adding together 2 quantities to create another, subtracting one quantity from another, scaling by a factor of 10, dividing by a factor of 10. The difficulties some students have in moving from doubling and halving to other scalings will again be apparent here. As students become more efficient in their use of the ratio table, they may begin to develop strategies of scaling down to ‘1’ and scaling up to the required amount, but this should not be forced.)
· To be able to unravel the thinking behind another person’s ratio table (which may well be different to their own.)
· To be able to use the ratio table to solve a range of problems involving direct proportion

	RME Overview
· In Realistic Maths Education (RME), the ratio table, like the bar model is seen as a very helpful and widely applicable model. (See Gravemeijer, K; 1999, ‘How emergent models may foster the constitution of formal mathematics’, Mathematical Thinking and Learning 1(2), 155 – 177. See Middleton, J.A. and Van Den Heuvel-Panhuizen, M, 1995 ‘The ratio table’, Mathematics teaching in the Middle School 1(4), 282 – 288.) It offers ways of enabling students to make sense of a wide range of problems including those relating to multiplication, division, fractions, percentages, decimals, ratio, pie charts, similar triangles and proportional reasoning in general.
· Teachers who trialled the RME approach in the UK over a number of years found that the ratio table was a strategy that their students became very fluent in. They reported situations where students preparing for GCSE, noticed for themselves just how many questions could be answered using a ratio table (or a bar.) The following examples of students work are taken from the mock papers of some middle to low ability Year 10 students and give a flavour of the range of GCSE questions which students can access with a ratio table:


Examples of KS4 students using ratio tables to answer GCSE questions involving division, percentage and conversions.



[image: ]
[image: ]
[image: ]





Some mathematics departments who were involved in trials, have created schemes of work which take account of what a learning trajectory based on developing use of the bar model and the ratio table over a five year period from Y7 to Y11 might look like.
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	Unit 3B Lessons         This pair of lessons looks at different ways in which division 3B(i)) and multiplication (3B(ii)) can be interpreted, by examining division and multiplication stories, by using diagrams to represent the stories, by changing the numbers in the stories and by creating new stories. Again, this provides opportunities to reveal students’ thinking and to appreciate the richness of multiplicative structures.

	3B   Using stories and diagrams to model division and multiplication

	Lesson summary
In these lessons we look at different ways in which division (Lesson 3c) and multiplication (Lesson 3d) can be interpreted, by examining division and multiplication stories, by using diagrams to represent the stories, by changing the numbers in the stories and by creating new stories.
In Lesson 3c we use a story involving quotitive division (grouping or measurement) and a story involving partitive division (sharing). Both concern the underlying expression, 3.4 ÷ 16.7, where the divisor is larger than the dividend. This runs counter to our usual expectations and thus will tend to obscure the underlying structure. To make the structure more visible, we substitute ‘simpler’ numbers into the stories and use a double number line and ratio table to represent the stories.
In Lesson 3d, we start with a ‘simple’ expression, 3 × 8, and write stories to fit the expression. We then relate the stories to diagrams that express multiplication in a variety of ways, eg as repeated addition, as an array or area, as a cartesian product and as scaling. We then substitute more difficult’ numbers into the expression and attempt to modify the stories and diagrams accordingly.In the second lesson, we consider how the DNL can be used to analyse and solve progressively
more abstract ratio (and non-ratio) problems, with a focus on multiplication as scaling.

	Focus of students’ learning 
In Lesson 3c we use stories and diagrams to help students see that division can involve
• grouping or sharing
• non-whole numbers
• a smaller number being divided by a larger number.
In Lesson 3d we use stories and diagrams to help students see that multiplication can involve
• repeated addition, an array or area, a Cartesian product, scaling
• non-whole numbers
• numbers less than 1.


	Overview research
School students have a strong tendency to think Multiplication makes bigger, division makes smaller. This
derives from their early experiences, where multiplication tends to be based on repeated addition, where
the numbers are usually whole numbers and where, in the case of division, the divisor is smaller than the
dividend and the result is a whole number.
The CSMS Decimals test contains an item which asks students to ring the larger expression in each of these pairs:
8×4 and 8÷4 8×0.4 and 8÷0.4 0.8×0.4 and 0.8÷0.4
In a survey* of a representative sample of Y9 students in 2008/9, only 19 % answered all three parts correctly.
Another CSMS Decimals item involves this ‘story’:
The cost of 6.22 litres of petrol was £4.86. What would the price of one litre be?
Students are asked to choose one of these six expressions for calculating the answer:
6.22+4.68 6.22÷4.68 6.22×4.68 4.68÷6.22 4.68–6.22 4.68×6.22
Only 17 % of the Y9 students chose the correct expression, 4.68÷6.22, with many going for 6.22÷4.68,
where the divisor is smaller than the dividend.
Thus we focus in these lessons on multiplication and division involving non-whole numbers, including
numbers less than 1, and we look at a range of models for multiplication, not just repeated addition.
See the lesson for further commentary on the research here.
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	Unit 3C Lessons        

	3C  Exploring multiplicative structures

	Lesson summary
· In this lesson students explore proportional relationships from some given data, identifying and using structures to calculate additional values related to the data.
· They have experience of determining appropriate mathematical operations to apply and to which quantities, in a given situation.
Students also have the opportunity to both pose and answer their own and given questions.

	Focus of students’ learning 
Students will consider the structure of a problem and use this information to build a solution strategy.
They will have the opportunity to consider row to row and column to column operations in a data table when completing a complex, multi-staged proportional problem.

	· This lesson is based on Gerard Vergnaud’s work on multiplicative structures and aims to provide a rich resource for students to explore proportional relationships. 
· Vergnaud identified that when developing multiplicative structures with students, it is necessary to support students in clearly identifying the different variables, different operators and the different ways of solving the same problem.
· It is clear from research that many students experience serious difficulties in recognising what mathematical operation to apply and to which numbers or quantities in a given situation (see, for example, Bell, Greer, Grimison & Mangan (1989) Children’s Performance on Multiplicative Word Problems: Elements of a Descriptive Theory).
· When the number system is extended to include fractions and/or decimal numbers, a critical phase in the development of students’ understanding of multiplication and division takes place. Research has shown that students have more difficulty with proportional problems when the multiplier changes from an integer to a decimal number (see, for example, Mangan (1986) Choice of operation in multiplication and division word problems) and that the type of multiplier (i.e. integer, decimal greater than 1, decimal less than 1) strongly affects the choice of an appropriate solution strategy.
In this lesson students are encouraged to identify the difference between horizontal and vertical multipliers in a table designed to support students in selecting and applying an appropriate solution strategy to a complex proportional problem.
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