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	Professional development document

Unit 3
Lesson 3A: Exploring multiplicative structures


	Lesson summary

	Summary:

· In this lesson students explore proportional relationships from some given data, identifying and using structures to calculate additional values related to the data. 

· They have experience of determining appropriate mathematical operations to apply and to which quantities, in a given situation.
· Students also have the opportunity to both pose and answer their own and given questions.

	Focus of students’ learning

	· Students will consider the structure of a problem and use this information to build a solution strategy.
· They will have the opportunity to consider row-to-row and column-to-column operators in a data table when completing a complex, multi-staged proportional problem.  

	Lesson preparation

	· The pre-task (Buying Oranges) needs to be completed by students and formatively assessed by the teacher prior to the lesson. 
· Each student will need a copy of Growing Oranges and the Making Orange Juice Activity table, during the introduction to the lesson.
· Each group of students will need an enlarged (A3) copy of the Making Orange Juice Activity table, an enlarged (A3) Questions card set (already cut-up), a large piece of poster paper, some post-it notes and some glue. 
· There is a post-task activity (Buying Orange Juice) for students to complete individually at the end of the lesson. 
· Mini-whiteboards, pens and wipes will be needed by students throughout the lesson.
· Calculators should be given to students on request.
· There are some PPP slides to support the lesson and for use in the lesson introduction. 


The Lesson 
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Prior to the lesson: Pre-task activity (Buying Oranges) 
Students look at four different approaches to solving a 3-number
proportion problem, two of which use an incorrect additive strategy.
Students are asked to comment on the methods and explain each
approach.                                                                                                                                                      
The lesson: Introduction
Students pose their own questions based on some given information,
determining whether or not they can be calculated easily from the
data or require multiple calculations. They are introduced to a table
as a way of sorting and presenting the citrus farm data.
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Collaborative group work: Making Orange Juice Activity 
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Students use the table to complete one or more sets of Questions cards. The answers are either missing values in the table or values that aren’t explicit in the table but can be calculated from the given data. Students also have the opportunity to use blank cards to pose and answer their own questions.
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Sharing work 
Students compare their work with another group, identifying similarities and differences and comparing solution strategies.
Poster review
Students have a chance to comment on/amend their work, having discussed it with another group.
Class discussion
Students share what they have done and the strategies used, evaluating their solution methods.
Post-task activity (Buying Orange Juice)

Students complete the post-task activity individually or have returned to them their responses to the pre-task 
before re-attempting the pre-task, prior to or instead of completing the post-task activity. 


Lesson commentary 
	Prior to the lesson: Pre-task activity (Buying Oranges)

· Students should work individually on the pre-task activity, in class or for homework a few days before the lesson. It is important that you do not assist students in completing the task.
· Collect in students’ responses to the pre-task activity prior to the lesson to allow you to assess what their current understanding is. 
· The pre-task shows four different approaches to a 3-number proportion problem, two of which are incorrect: 
· Aaron uses an additive approach, finding the difference in weights and applying this difference to the cost. Donna compares the cost of the oranges with their weight, again using an additive strategy to incorrectly calculate the cost of 7kg. Becky uses a ratio table to help her to work out the cost, but fails to convert her answer to pounds and pence. Carl calculates 7kg as a proportion of 4kg and uses this to successfully find the cost.
· Write one or two questions, as appropriate, on each student’s work to help them to progress further. The following suggestions may be helpful: 
· A student who considers Aaron’s and/or Donna’s method to be correct:
How much would it cost for double the weight of oranges? What do you notice?
· A student who fails to notice that Becky’s work is incomplete:
What does Becky’s solution mean in the context of buying oranges?
· A student who struggles to explain what Carl has done:
What does 
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 represent in Carl’s solution?
· The assessment of students’ responses to the pre-task activity may help with grouping students for the collaborative group work. For example, you may want to group students that have conflicting opinions about whether a multiplicative or additive strategy is required.
The lesson: Introduction
Introducing the context
· Use slide 1 of the PPP to introduce the context of a citrus farm growing orange trees for the production of orange juice. Ask students to suggest a piece of information that might be needed in order to be able to work out how much orange juice the farm can produce. For example, they may suggest questions such as ‘how big is the citrus farm?’ or ‘how many orange trees are there?’ or ‘how many oranges go into a carton of orange juice?’ etc.
· Spend a few minutes discussing several questions, trying to explore as many of the stages involved in the orange production process as possible.
· Once students are familiar with the context, display slide 2 of the PPP and distribute Resource 2.0 Growing Oranges to each student. Give students chance to read and digest the information given about the citrus farm.
· Students will need mini-whiteboards to work on. Ask students to write a question that they think might be answerable from the data. For example, they may suggest questions such as ‘what area of the farm is used for growing oranges?’ or ‘what is the average weight of oranges produced per tree?’ etc.
· If students are struggling to write a question related to the data, an appropriate strategy may be to ask them to draw something. Can they represent the data diagrammatically in some way as a means of engaging with it? (For example, they may draw the citrus farm showing rows of 20 trees etc.)
· Spend some time discussing students’ questions. Some students may suggest fairly trivial questions (for example, ‘how many servings of orange juice will two cartons provide?’) whereas other students may compose a more complex question involving multiple calculation steps. See if students are able to identify which questions would be more straightforward to answer and which require a multi-step calculation.
· The aim at this stage is not for students to answer the questions posed, as they will engage in this process during the collaborative group work.
Introducing the data table
· Give each student a copy of the Making Orange Juice Activity table (Resource 2.1), which they will use to organise the data and explore the operators in existence between the different quantities given about the citrus farm.
· A blank table is provided for use with students who you feel would be confident with transferring the data themselves (Resource 2.2). Alternatively a table with the data already transferred, may be helpful for use with some students, with the focus being on students explaining how the data has been transferred, rather than carrying out the transfer themselves (Resource 2.3).
· Display slide 3 (or 4 or 5 as appropriate) of the PPP. Work with students to transfer the data to the table, asking them to explain any cells that (may) have already been completed. In particular, check whether students understand why multiple rows are needed in the table to be able to represent the data in this way. 
· Whilst the use of different columns and rows may not be easily discoverable by students, once in use, the spatial organisation of data is likely to help clarify relevant relationships and calculations.

· The entry of 182 on the final row represents the area of the farm devoted to growing orange trees. It is important that students identify where this value comes from and are able to provide a solution strategy for calculating this value from the data given. If possible, try to explore several different approaches to calculating this value, offered by students. 

· Whilst the order in which the data is inserted into the table is not significant, ensuring a progression in magnitude of values as you work down the columns may prove to be beneficial.
· Once students are happy that the data has been successfully represented in the table, ask them to identify cells of the table that would contain answers to the questions posed earlier by students. For example, can they see that the weight of oranges needed to produce one carton is in the third column of the first row?
Collaborative group work: Making Orange Juice Activity
· Students now work in groups of 2 or 3. Give each group an enlarged copy of the Making Orange Juice Activity table (they will need to copy any missing data values discussed in the introduction from their individual copies of the table to the enlarged version) and the enlarged cut-up Questions cards, a large sheet of poster paper, some post-it notes and a glue stick. 
· The Questions cards are divided into two sets (with blank cards provided for students to complete their own questions, some of which may have been posed during the lesson introduction). The first set contains questions whose answers are values in the table, whereas the second set contains questions whose answers do not appear explicitly in the table but can be calculated from values contained within the table.
· The aim is to give students both sets of questions at the same time and they have to determine which cards represent values within the table and which don’t.
· For some students you may decide to give the two sets in succession rather than all together. 
· From the data given it is possible to work out all missing values in the table and answer the questions in both card sets. It is not essential, however, to calculate all the missing values in order to answer the questions given and so students should be encouraged to use the blank cards to represent questions that have answers elsewhere in the table. Whilst the calculation of some of the missing values (for example, calculating the value in the second column of the first row of ‘½ a tree planted’) may make little sense, students can use this information to ascertain that each tree produces enough orange juice for two cartons of orange juice.
· Students can choose where to begin and should be encouraged to note their strategic decisions. The poster paper is provided so that students can glue the table onto the middle of the paper, using the space around the edge to comment on and annotate their work. They may also choose to add rows and/or columns so that, for example, each row/column contains a unit cell. Students should use the post-it notes to identify key choices, for example, their starting calculation, their use of row-to-row and/or column-to-column operators etc.
· It is the intention that students engage deeply with the presented data and spend time interpreting what the table values represent, rather than carrying out repeated calculations. Help students to recognise the difference between the horizontal and vertical multipliers i.e. that the horizontal multipliers between columns are rates (e.g. 7 kg of oranges per tree) and the vertical multipliers between rows are dimensionless scale factors. 

Sharing work:

· Once students have had sufficient time to work on the table, ask students in one group to join with another group and discuss their work. 
· It may be the case that some groups have completed different values in the table. Encourage students to describe to each other how they went about the task and their reasons for the solution decisions they made. 
· If they agree on a particular value, did they use the same strategy to calculate that value or did they take different approaches? If they disagree, can they determine what the correct value should be?
Poster review:
· On returning to their groups, students need to review their work. 
· They may want to add comments to their table. For example, they may have seen a different calculation method for a value they have calculated – they could write this method on a post-it note and add it to their poster. 
· If they have identified an error in their work, they may wish to comment on this. They will need to identify how they arrived at the incorrect value and use this information to check other values in the table that might have been affected by the same error or misconception.
Class discussion:

· The aim of this discussion is to allow students to voice what they have learned and talk about what they have gained from the lesson, as well as reflecting on the strategies used.
· Students should be encouraged to describe how they went about completing the table, as well as taking time to consider a specific table value and examine the different ways of generating this value from the given data.

· The use of multiplication and division should be examined within the discussion. For example, when calculating values in the third and fourth columns of the table did students choose to multiply column 4 by 3.5 or did they use division to go from the values in column 3 to the values in column 4. Alternatively, did they use a different strategy when completing these two columns, using row-to-row operators or referring to a different column?
· Discuss how the cells can be completed by chains of multipliers. For example, we can go directly from column 2 to column 5 by:
x (7 kg oranges per tree) x (2/7 cartons per orange) x (8 servings per carton) = (x 16 servings per tree).
· It is important that the focus of this discussion does not become about checking the values completed in the table. Instead it should be about the strategies used when working with the table, as well as an evaluation of the parts of the table that students have found most accessible/difficult to work with.
· It may be appropriate to address any misconceptions the students have had, during this discussion, encouraging students to articulate how their understanding has changed and developed as they have been identifying and using structures to solve a proportional problem. 

Post-task activity (Buying Orange Juice):

· The post-task activity differs from the 3-number proportion problem featured in the pre-task activity in that it provides students with a ‘better buy’ scenario, and asks them to determine which size of orange juice carton provides the better value for money.
· If students have struggled with the pre-task activity, return to students their initial attempts with your questions written on and ask them to attempt the task again. Once students have made a second attempt at the pre-task activity you may choose to give them the post-task activity to complete as well.
· Ask students who made a reasonable attempt at the pre-task activity to complete the post-task activity. You may find that there is not time to complete the post-task in the same lesson as the Making Orange Juice Activity. If this is the case, ask students to complete it in a subsequent lesson or for homework.


	Adapting the lesson

	· The task is designed to allow for multiple entry points. 
· Students who are struggling to get started should be encouraged to focus on a section of the table. This might be a pair of columns or rows where they are able to identify a relationship. If this proves to be too difficult students might like to return to the original information given and see if they can begin to calculate some of their own values as a way into the task.
· Students that are able to confidently complete the table should be encouraged to pose some additional questions (blank cards are provided for this purpose). They may also like to use the values in the table to solve an additional problem, for example, ‘how big a citrus farm would be needed to provide enough orange juice for a family of 4 for a month, if they each have 2 juice servings per day?’

	Suggestions for lesson study focus

	· It is important to nurture a classroom culture where:

· The teacher directs the attention of students to their own reasoning, to the thought process by which they arrived at a solution. 
· Students take the time to explain their thinking and examine different solution strategies in order to determine the most effective approach that makes sense to them.

	Research background to the lesson

	· This lesson is based on Gerard Vergnaud’s work on multiplicative structures and aims to provide a rich resource for students to explore proportional relationships. 

· Vergnaud identified that when developing multiplicative structures with students, it is necessary to support students in clearly identifying the different variables, different operators and the different ways of solving the same problem.
· It is clear from research that many students experience serious difficulties in recognising what mathematical operation to apply and to which numbers or quantities in a given situation (see, for example, Bell, Greer, Grimison & Mangan (1989) Children’s Performance on Multiplicative Word Problems: Elements of a Descriptive Theory).
· When the number system is extended to include fractions and/or decimal numbers, a critical phase in the development of students’ understanding of multiplication and division takes place. Research has shown that students have more difficulty with proportional problems when the multiplier changes from an integer to a decimal number (see, for example, Mangan (1986) Choice of operation in multiplication and division word problems) and that the type of multiplier (i.e. integer, decimal greater than 1, decimal less than 1) strongly affects the choice of an appropriate solution strategy.
· In this lesson students are encouraged to identify the difference between horizontal and vertical multipliers in a table designed to support students in selecting and applying an appropriate solution strategy to a complex proportional problem. 
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Resource 1.0 
Buying Oranges 
Aaron and his friends Becky, Carl and Donna are planning to go to
the supermarket to buy some oranges. 

At the supermarket, 4kg of oranges cost £5. 
They want to work out how much 7kg will cost.

Aaron and his friends work out the answer in different ways. 
Explain each of the methods used, commenting on their work
and stating whether you think they have used an appropriate method: 

	
	
	Comments and explanation:

	Aaron:
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	Becky:
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	Carl:
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	Donna:
	[image: image4.jpg]“The st W Es is one one
3(\/\&}1\ e Wﬁw W \% ‘
g = B
S0 jr\% = ES




	


[image: image15.jpg]



Resource 2.0 
Growing Oranges

A citrus farm has an area of 455 hectares.
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 of the farm is planted with orange trees.
The farmer plants 75 orange trees per hectare.

Trees are planted in rows of 20. 
140 kg of oranges are produced per row. 
The cartons of orange juice are packed into boxes. Each box contains 8 cartons. 

28 kg of oranges are needed to produce enough cartons for 1 box.
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A citrus farm has an area of 455 hectares.
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Trees are planted in rows of 20.  
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There are 8 servings of orange juice in each carton.
Resource 2.1 
Making Orange Juice Activity 

	Area (hectares)
	Orange trees planted
	Weight of oranges produced (kg)
	Cartons of orange juice
	Servings

	
	
	
	1
	8

	
	
	
	
	

	
	20
	140
	
	

	
	
	
	
	

	182
	
	
	
	



Resource 2.2 
Making Orange Juice Activity 

	Area (hectares)
	Orange trees planted
	Weight of oranges produced (kg)
	Cartons of orange juice
	Servings

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	


Resource 2.3 
Making Orange Juice Activity 

	Area (hectares)
	Orange trees planted
	Weight of oranges produced (kg)
	Cartons of orange juice
	Servings

	
	
	
	1
	8

	
	
	28
	8
	

	
	20
	140
	
	

	1
	75
	
	
	

	182
	
	
	
	


Resource 2.4 
Questions

	How many orange trees produce enough oranges for a box? ________


	How many kilograms of oranges are needed per carton of juice? 
__________
	How many kilograms of oranges does the farm produce?
__________


	How many servings of juice are produced per hectare of orange trees? ________

	How many cartons of juice are produced per row of orange trees?
__________


	How many cartons of orange juice does the farm produce?
__________


	

	

	
	
	
	


	How many kilograms of oranges are produced per tree?
__________


	How many cartons of juice can be produced per kg of oranges? 

__________


	How many servings does each orange tree provide?

__________
	How many cartons of orange juice can be produced per tree?
__________
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Resource 3.0 
Buying Orange Juice 
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Emma and her friends Francis, Greg and Hilary are

planning to go to the supermarket to buy orange juice. 

At the supermarket, 

750ml of orange juice costs 99 pence. 
2 litres of orange juice costs £2.59. 
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Emma and her friends want to work out which is the better buy.
They work out the answer in different ways. 

Explain each of the methods used, commenting on their work
and stating whether you think they have used an appropriate method:
	
	
	Comments and explanation:

	Emma:
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	Francis:
	
	

	Greg:
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	Hilary:
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